Abstract. One often resorts to a non-minimal coupling of the electromagnetic field in order to generate magnetic fields during inflation. The coupling is expected to depend on a scalar field, possibly the same as the one driving inflation. At the level of three-point functions, such a coupling leads to a non-trivial cross-correlation between the perturbation in the scalar field and the magnetic field. This cross-correlation has been evaluated analytically earlier for the case of non-helical electromagnetic fields. In this work, we numerically compute the cross-correlation for helical magnetic fields. Non-Gaussianities are often generated as modes leave the Hubble radius. The helical electromagnetic modes evolve strongly (when compared to the non-helical case) around Hubble exit and one type of polarization is strongly amplified immediately after Hubble exit. We find that helicity considerably boosts the amplitude of the dimensionless non-Gaussianity parameter that characterizes the amplitude and shape of the cross-correlation between the perturbations in the scalar field and the magnetic field. We discuss the implications of the enhancement in the non-Gaussianity parameter due to parity violation.
Introduction
The observations of widely prevalent magnetic fields in the universe call for investigations into their origin. The amplitude of the magnetic fields vary over an extensive range, from a few micro Gauss in stars and galaxies, to around 10 −17 Gauss in the intergalactic medium [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and the large scale structure [11] [12] [13] [14] [15] [16] . Additionally, observations of the anisotropies in the Cosmic Microwave Background (CMB) by Planck and POLARBEAR have led to an upper bound of a few nano Gauss on the magnetic fields at scales of 1 Mpc [17, 18] . It has been realized that such large scale magnetic fields may need to be generated primordially, which can then be amplified by astrophysical processes. For instance, magnetohydrodynamic (MHD) processes such as the dynamo mechanism in astrophysical systems necessarily require a seed field that can act as the progenitor of the observed magnetic fields [13] [14] [15] [16] 19] . It has been conjectured that primordial magnetogenesis, i.e. generation of magnetic fields via quantum fluctuations in the early universe, can produce the precursor seed fields which can, over the course of time, source the large scale magnetic fields.
Inflation, on account of being the most appealing paradigm to describe the early universe, has also garnered tremendous interest as the framework for primordial magnetogenesis. However, the rapid decay of magnetic fields generated by the standard electromagnetic action in an expanding universe compels one to look for a means to circumvent this issue. One of the feasible ways to engender magnetic fields of appropriate strengths seems to be the introduction of a non-minimal coupling term in the action [20, 21] . Magnetic fields generated through breaking the conformal invariance of the standard electromagnetic action, due to the presence of a non-minimal coupling term, and with a suitable choice of the parameters involved, have been shown to be of the pertinent amplitude and correlation length to be in concordance with the observations [19, [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] .
In the context of primordial magnetogenesis, another interesting aspect is to study the magnetic fields generated due to the addition of a parity violating term to the standard electromagnetic action. Such a term would lead to the generation of the so-called helical magnetic fields [26, 29, 31, 40, 41] . In this situation, two modes with positive and negative helicity are generated, which evolve differently and, as a consequence, can conceivably lead to distinct imprints, such as correlations between B-mode and E-mode polarizations or the temperature and B-mode polarizations in the CMB [29, 42, 43] . They can also lead to the production of helical gravitational waves with possible observational imprints (in this context, see, for example, Refs. [29, [42] [43] [44] ). Further, it has been shown that, the helical fields evolve strongly in the cosmic MHD plasma through an inverse cascade mechanism, resulting in an augmentation of the power on large scales [45] [46] [47] .
An additional way to constrain these magnetic fields would be to study their crosscorrelations at the level of the three-point functions with the scalar perturbations and their possible observational imprints. While such three-point functions have already been studied for the case of non-helical magnetic fields [48] [49] [50] [51] , we believe it is of utmost interest to study the non-Gaussianities produced due to the helical fields as well. Analytically, the evaluation of these three-point functions seems to be a formidable task, due to the non-trivial form of the helical modes involving the Coulomb functions [29, 31, 40] . In this work, we shall numerically evaluate the three-point function involving the helical magnetic fields and the perturbations in an auxiliary scalar field and examine its implications.
This paper is structured as follows. In the next section, we shall discuss the action governing non-minimally coupled helical electromagnetic fields, their quantization and the power spectrum associated with the magnetic field. In Sec. 3, working with a specific form of the non-minimal coupling, we shall revisit the evaluation of the power spectrum of helical magnetic fields arising in de Sitter inflation. In Sec. 4, by suitably perturbing the action, we shall arrive at the Hamiltonian describing the interaction between the perturbed scalar field and the electromagnetic field. Using the interaction Hamiltonian, we shall arrive at the formal structure of the three-point function describing the cross-correlation between the perturbation in the scalar field and the electromagnetic field. In Sec. 5, we shall outline the numerical procedure that we shall adopt to compute the cross-correlation. In Sec. 6, we shall first compare our numerical results with the analytical results available in the non-helical case for two different situations (one leading to a power spectrum with a tilt and another which leads to a scale invariant spectrum) and present the corresponding results in the helical case. We shall conclude in Sec. 7 with a brief summary of the results we have obtained.
Note that, we shall work with natural units such that = c = 1 and set the Planck mass to be M Pl = (8 π G) −1/2 . We shall adopt the metric signature of (−, +, +, +). Greek indices shall denote the spacetime coordinates, whereas the Latin indices shall represent the spatial coordinates, except for k which shall be reserved for denoting the wavenumber. Lastly, an overprime shall denote differentiation with respect to the conformal time coordinate.
2 Non-minimally coupled, helical electromagnetic fields, quantization and power spectrum
We shall consider the background to be the spatially flat, Friedmann-Lemaître-RobertsonWalker (FLRW) metric that is described by the line-element
where a(η) is the scale factor and η denotes the conformal time coordinate. We consider the action [40] 
where the electromagnetic field tensor is given by
3)
The dual of the electromagnetic tensorF µν is defined as
with ǫ µναβ = (1/ √ −g) A µναβ , where A µναβ is the totally antisymmetric Levi-Civita tensor and A 0123 = 1. Clearly, the function J(φ) describes the non-minimal coupling, while the function I(φ) (along with the parameter γ) leads to parity violation. We shall assume that there is no homogeneous component to the electromagnetic field. We shall choose to work in the Coulomb gauge wherein A 0 = 0 and ∂ i A i = 0. In such a gauge, at the quadratic order in the inhomogeneous modes, the action describing the electromagnetic field is found to be
5) where ǫ ijk is the three-dimensional completely anti-symmetric tensor. We can vary this action to arrive at the following equation of motion for the electromagnetic vector potential:
For each comoving wave vector k, we can define the right-handed orthonormal basis (ε k 1 , ε k 2 ,k), where
While this is a suitable basis for expressing the non-helical modes, it is not ideally suited for the helical case as the two helical modes would be coupled in this basis. In such a situation, it is convenient to identify two transverse directions to form the helicity basis, wherein the modes decouple, as follows [29, 31] :
In such a basis, on quantization, the vector potentialÂ i can be Fourier decomposed as [40] : 9) where the Fourier modesĀ σ k satisfy the differential equation
Note that σ = ±1, and this causes considerable difference in the evolution of the modes. As we shall see, one of the modes will be strongly amplified on super-Hubble scales and the extent of amplification will depend on the quantity γ. The operatorsb σ k andb σ † k are the annihilation and creation operators satisfying the following standard commutation relations:
Let us define A σ k = JĀ σ k . In terms of the new variable A σ k , Eq. (2.10) can be rewritten as
In this work, we shall restrict ourselves to the simplest scenarios wherein I = J. In such a case, the above equation simplifies to
Since we shall be only interested in the behavior of the helical magnetic fields, we shall not discuss the electric field in this work. Letρ B denote the operator corresponding to the energy density associated with the magnetic field. Upon using the decomposition (2.9) of the vector potential, the expectation value of the energy densityρ B can be evaluated in the vacuum state, say, |0 , that is annihilated by the operatorb σ k for all k and σ. It can be shown that the spectral energy density of the magnetic field can be expressed in terms of the modes A σ k and the coupling function J as follows [29, 40, 52] :
14)
The spectral energy density P B (k) is referred to as the power spectrum for the magnetic field. A flat or scale invariant magnetic field spectrum corresponds to a constant, i.e. kindependent, P B (k).
3 Power spectra of the helical magnetic fields generated in de Sitter inflation
Let us consider the simple case of de Sitter inflation, wherein the scale factor is given by
where H 0 is the value of the Hubble parameter during inflation. In order to solve for the electromagnetic modes, we need to choose a form of the coupling function. In keeping with the expressions for the coupling functions that have been adopted in earlier work [48, 50, 51] , we shall work with a coupling function that can be written as a simple power of the scale factor as follows:
We shall set J 0 = (−H 0 η e ) n , where η e denotes the conformal time at the end of inflation. This choice ensures that J reduces to unity at η e .
For the form of the coupling function given by Eq. (3.2), the solutions to the electromagnetic modes satisfying Eq. (2.13) can be written as follows [40, 53, 54] :
where G n (σ ξ, −k η) and F n (σ ξ, −k η) represent the irregular and regular Coulomb functions respectively and ξ = −n γ. For −k η ≪ σ ξ, which corresponds to modes of interest, the contribution of F n (σ ξ, −k η) to the mode is negligible. We also find that the mode with negative helicity (i.e. with σ = −1) is amplified in comparison to the positive helicity mode. In this regime, the irregular Coulomb function can be written in terms of the modified Bessel function K ν (z) as follows [53] :
where
Hence the modes (3.3) reduce to
Also, for −k η ≪ 1/ξ, which corresponds to late times during inflation, using the properties of the modified Bessel function for small arguments, we obtain that [55]
Therefore, using Eq. (2.14), the power spectrum for the magnetic field evaluated as η e → 0 can be expressed as [cf. Eq. (2.14)] [40]
Evidently, the spectral index n B of the power spectrum of the magnetic field is given by
This implies that we obtain a scale invariant power spectrum for the magnetic field when n = −3 or n = 2, just as in the non-helical case. Note that the power spectrum is completely independent of time in these situations. However, when n < 0, it is found that the energy in the electromagnetic field grows rapidly at late times. Such a growth leads to severe backreaction and can result in the termination of inflation within a few e-folds [48, 50, 51] . Because of this reason, in this work, we shall focus only on the cases wherein n > 0.
Formal structure of the three-point function
In the preceding section, when we had considered the evolution of the electromagnetic modes, for simplicity, we had assumed the non-minimal coupling J(η) to be given by Eq. (3.2). However, in order to evaluate the cross-correlation between the perturbation in the scalar field and the magnetic field, other than J, we shall also require the function J φ = dJ/dφ. Since
and, as J(η) has been chosen already [cf. Eq. (3.
2)], clearly, we can arrive at dJ/dφ if we know φ ′ . This can be achieved by choosing a potential V (φ) to drive the scalar field. Then, a suitable J(φ) can lead to the desired J(η). Let φ be an auxiliary scalar field described by the potential V (φ) that is evolving in de Sitter spacetime described by the scale factor (3.1). In such a situation, the homogeneous scalar field φ satisfies the following equation of motion:
, where n is a constant, then it is straightforward to show that, for a suitable choice of initial conditions, the solution to the above equation governing the scalar field can be written as
Hence, upon setting J(φ) = J 0 exp (φ/M Pl ), we can arrive at the desired behavior of J(η) [as given by Eq. (3.
2)] that we had worked with. With J(φ) at hand, we can, evidently, obtain J φ to be 4) thereby arriving at the required quantities related to the background. Note that, we have assumed the electromagnetic field to be inhomogeneous. Therefore, in order to calculate the three-point function involving perturbations in the scalar field and the electromagnetic vector potential, we need the interaction Hamiltonian at the third order in the perturbations. This can be arrived at by perturbing the electromagnetic action (2.2) with respect to the scalar field. It is straightforward to show that the third order action for the case I = J is given by
The interaction Hamiltonian can be obtained from this third order action. It is found to be
Two points need to be stressed regarding this interaction Hamiltonian [56, 57] . Firstly, the parity violating term does not contribute to the Hamiltonian. This implies that the formal structure of the resulting three-point function will be largely similar to the non-helical case that has been considered earlier [48] [49] [50] [51] . Secondly, as we shall see below, the effects of non-zero helicity will be essentially encoded in the way it affects the evolution of the modes. The cross-correlation between the perturbation in the scalar field and the magnetic field in real space is defined as
where the components B i of the magnetic field are related to the vector potential A i through the relation
while δφ k and B i k denote the Fourier modes associated with the perturbation in the scalar field and the i-th component of the magnetic field. As per the standard rules of perturbative quantum field theory, the cross-correlation between the perturbation in the scalar field and the magnetic field in Fourier space, evaluated at the end of inflation, is given by [48, 51] 
9) whereĤ int is the operator associated with the Hamiltonian (4.6) and the square brackets indicates the commutator.
We had discussed the quantization of the helical electromagnetic field in the previous section. At this stage, let us discuss the quantization of the perturbation in the scalar field δφ. The perturbation in the scalar field can be quantized in terms of the corresponding Fourier modes, say, f k , asδ 10) where the annihilation and creation operatorsâ k andâ † k satisfy the following standard commutation relations: 11) and the Fourier modes f k satisfy the differential equation
with H = a ′ /a being the conformal Hubble parameter. It is useful to point out here that, since the potential V (φ) is linear in the field, the potential does not directly influence the evolution of the perturbation in the scalar field. The scalar modes f k are determined only by the behavior of the scale factor. Let us now define
is the cross-correlation of our interest in Fourier space. We can now determine the three-point function using the expression (4.9), along with the form of the interaction Hamiltonian (4.6) and Wick's theorem that applies to the products of Gaussian operators. We find that the cross-correlation G δφBB (k 1 , k 2 , k 3 ) can be expressed as
+ complex conjugate, (4.14)
where the quantities
Numerical evaluation of the three-point function
It is evident that evaluating the cross-correlation of our interest involves integrals over products of the electromagnetic modes and the modes corresponding to the perturbation in the scalar field. Earlier, we had solved for the electromagnetic modes analytically in order to arrive at the power spectrum. The analytical solutions entail writing the modes in terms of Coulomb functions [cf. Eq. (3.
3)], which seem non-trivial to integrate. Therefore, in order to evaluate the three-point function, we shall resort to numerical computations. In order to obtain the three-point function, we need to solve for the electromagnetic modes as well as for the modes of the scalar perturbations numerically. Thereafter, we need to integrate these modes in order to arrive at the complete three-point function.
Evolution of the modes
Let us first discuss the method we shall adopt to numerically solve for the electromagnetic and scalar modesĀ σ k and f k . The most efficient time variable to perform the numerical analyses in inflationary scenarios is the e-fold N . In terms of e-folds, Eq. (2.10) can be written as
where the subscript N refers to a derivative with respect to the e-fold. For the case of de Sitter inflation and the form of the coupling function under consideration, we obtain that H N /H = 1 and J N /J = n. Under these conditions, the above differential equation simplifies to
Similarly, Eq. (4.12) governing the evolution of the scalar modes can be rewritten as
which, for the case of de Sitter inflation, simplifies to
Recall that, during inflation, in the case of the scalar and tensor modes, the standard Bunch-Davies initial conditions are imposed on the modes when they are well inside the Hubble radius. It is clear from Eq. (2.13) governing the dynamics of the electromagnetic modes that, at very early times, it is the term involving k 2 that dominates the other two terms within the parentheses. In fact, we find that, for the coupling function of our choice [cf. Eq. (3.2)], it is the second term that dominates the third during the early stages. These properties permit us to impose Bunch-Davies like initial conditions on the modes, and evolve them thereafter. Numerically, we shall impose the initial conditions when k = 300 J ′′ /J , corresponding to the e-fold, say, N i . (This specific choice will be justified in the next section.) In terms of e-folds, the standard initial conditions on the modes can be expressed as follows:
We then solve Eq. (5.2) with these initial conditions using a fifth order Runge-Kutta routine to obtain the behavior ofĀ σ k . The differential equation (5.4) governing the scalar modes can be solved for in a similar manner. The initial conditions on the scalar modes are given by
After imposing these initial conditions on the modes, we shall evolve them till about 42 efolds for n = 1 and up to 30 e-folds for the n = 2 case (the reason for these choices will be explained later).
In Fig. 5 .1, we have plotted the numerical solutions for the helical as well as the nonhelical electromagnetic modes for the cases of n = 1 and n = 2. It is evident from the plots that the modes with negative helicity (i.e. with σ = −1) are amplified when compared to the non-helical case, around the time they leave the Hubble radius. Also, one finds that the amplitude of the modes with positive helicity (i.e. with σ = 1) are suppressed when compared with the non-helical modes around Hubble exit. Moreover, the amplification and suppression is more in the case of n = 2 than n = 1. This is to be expected because of the reason that, larger the n, larger is the amplitude of the parity violating term [cf. Eq. (5.2)].
Evaluation of the three-point function
Before we go on to consider the cross-correlation of our interest, let us make a few clarifying remarks concerning the numerical evaluation of the inflationary two-point and three-point Figure 1 . The evolution of the modeĀ σ k has been plotted as a function of e-folds N for n = 1 (on the left) and n = 2 (on the right) for the wavenumber k = 0.002 Mpc −1 for the cases γ = 0 (on top, in blue) and γ = 2 (at the bottom, in red and green). We have plotted the absolute values of the real (solid lines) and imaginary (dashed lines) parts separately so that the oscillations are visible. The black vertical lines in each plot indicate the e-fold at which the modes leave the Hubble radius. Note that, around the time when the modes leave the Hubble radius, the σ = −1 mode (in red) is amplified when compared to the non-helical case, whereas the σ = 1 mode (in green) is suppressed. Also, as expected, the amplification and suppression are more in the n = 2 case than in the n = 1 case.
functions involving the scalar and the tensor perturbations. The inflationary correlation functions are formally expected to be evaluated at the end of inflation. However, it is well known that, during inflation, the amplitude of the scalar and the tensor perturbations freeze on super-Hubble scales (apart from some peculiar situations). This behavior makes it convenient for the numerical evaluation of the power spectra, since they can be evaluated soon after the modes leave the Hubble radius. Typically, the initial conditions are imposed when the modes are sufficiently inside the Hubble radius [say, when k/(a H) ≃ 10 2 ] and the power spectra are evaluated when the modes are sufficiently outside [say, when k/(a H) ≃ 10 −5 ]. As far as the three-point functions are concerned, apart from arriving at the modes, we also need to integrate over them from very early to late times. One can show that, due to the abovementioned freezing of the amplitude of the perturbations, the super-Hubble contributions to the three-point functions are insignificant (in this context, see, for instance, Refs. [58] [59] [60] ). Since the three-point function involves an arbitrary triangular configuration of wavevectors, to arrive at them, the initial conditions are imposed when the mode with the smallest of the wavenumbers is sufficiently inside the Hubble radius (say, at the e-fold N i ) and the integrals involved are evaluated until the mode with the largest of the wavenumbers is adequately outside (say, at N s ) [58] [59] [60] [61] [62] .
There is yet another point to be attended to when evaluating the three-point functions numerically. All the modes will oscillate strongly in the sub-Hubble domain. Therefore, in order to evaluate the integrals involved, analytically, a small parameter, say, κ, is introduced to achieve an exponential cut-off and thereby regulate these oscillations [63] . Actually, such a regulation is essential to ensure the correct choice of the perturbative quantum vacuum [63, 64] . One eventually considers the vanishing limit of the parameter κ to arrive at the final forms of the three-point functions. The regulator proves to be very convenient in the numerical efforts, as it can ensure the convergence of the integrals. But, a couple of exercises need to be carried out to identify an apt value for the cut-off parameter such that the resulting three-point function is ideally independent of the choice of κ, N i and N s . We find that the above arguments for the scalar and the tensor perturbations can be applied to the cross-correlation of our interest for the n = 1 case. However, the n = 2 case poses a peculiar difficulty not often encountered in the three-point functions involving the scalars and the tensors, and needs to handled with care. We shall make use of the analytical expressions available in the non-helical case to check the accuracy of our numerical computations.
In order to identify suitable values of κ, N i and N s , we shall evaluate the two contributions to the three-point function of our interest [described by the integrals (4.15)] in the equilateral limit for different combinations of these variables. Earlier, we had mentioned that we solve the differential equations involved [viz. Eqs. (5.2) and (5.4)] using the fifth order Runge-Kutta routine. We shall carry out the integrals (4.15) using the Boole's rule [65] . We should add that, in our discussion hereafter, for convenience, we shall simply set the polarization tensor ε k σi to unity. However, we shall include all the contributions due to the positive and negative helicity modes as well as the cross terms that arise. We shall first keep N s fixed and calculate the quantities for three different values of N i and varied κ. This helps us identify a suitable combination of N i and κ for which the three-point function is insensitive to the choice of these variables. We shall then choose these values of N i and κ and attempt to identify a suitable choice for N s . The results of these exercises are plotted in Figs. 2 and 3 for both the non-helical and helical cases for n = 1 as well as n = 2. In Fig. 2 , we have illustrated the dependence of the two contributions to the three-point function on the sub-Hubble cut-off parameter κ for different choices of N i . It is clear from the figure that, for instance, for N i corresponding to k = 300 J ′′ /J , the two contributions to the three-point function are largely independent of κ around κ = 0.1. Therefore, we shall work with these values.
Let us now turn to determining a suitable N s . With κ and N i fixed at the aforementioned values, in Fig. 3 , we have plotted the two contributions as a function of N s . Note that, in the n = 1 case, the results are independent of the choice N s , provided we choose it corresponding to a time reasonably after Hubble exit. In contrast, when n = 2, it is clear from the figure that there is a slow growth as a function of N s . Such a behavior is peculiar to the model and the choices of the parameter involved. This growth is well known from the analytical calculations and, in the non-helical case, it can be shown to behave as ln (− k η e ) (in the equilateral limit we are focusing on), which is exactly the behavior we observe numerically [51, 66] . It is also clear from Fig. 3 that the introduction of helicity considerably enhances the amplitude of the three-point function in both the n = 1 and n = 2 cases. Moreover, it is evident that the . Also, we have plotted them for the non-helical case (on top) as well as the helical case with γ = 2 (at the bottom). Note that the two contributions to the three-point function have been multiplied with suitable powers of k. It should be clear from the above plots that, for the choice of k = 300 J ′′ /J, the resulting contributions are largely insensitive to κ around κ = 0.1. Because of this reason, we shall choose to evaluate the three-point function and the corresponding non-Gaussianity parameter (see the next section) for this choice of values. It is also useful to note from the final plot that the three-point function corresponding to n = 2 in the helical case is largely unaffected by the value of the sub-Hubble cut-off parameter. As we shall see in the next figure, this occurs due to the fact that the dominant contribution to this three-point function arises from the super-Hubble domain. enhancement occurs as the modes leave the Hubble radius, which is further accentuated in the n = 2 case due to the super-Hubble contributions that arise. While the results will be independent of N s in the n = 1 case, they will strongly depend on the parameter when n = 2. Ideally, it would have been desirable to evaluate the three-point function when inflation ends at 60 e-folds or so since the earliest time when, say, the largest scale had exited the Hubble radius. However, evolving the modes for this duration and evaluating the integrals introduce We have imposed the initial condition at an N i corresponding to k = 300 J ′′ /J, and we have set κ = 0.1 in arriving at the above plots. We have plotted the results for a mode with the wavenumber k = 0.002 Mpc −1 , which is often chosen as the pivot scale when comparing with the observations. The black vertical lines in the plots indicate the e-fold at which the mode leaves the Hubble radius. Note that, in the n = 1 case, the amplitude of the two terms freeze soon after Hubble exit, which implies that the super-Hubble contributions to the three-point function are negligible. This is true in the corresponding helical case as well. When n = 2, for the non-helical case, even though the first integral flattens out in the super-Hubble limit, the contribution due to the second integral continues to grow. This behavior has been encountered in analytical calculations and it can be attributed to the ln(−k η e ) term that arises in this case. It is also clear from the plots that the introduction of helicity considerably enhances the amplitude of the three-point functions. Moreover, the enhancement occurs around the time the mode leaves the Hubble radius. This is further accentuated by the super-Hubble contributions that are encountered in the n = 2 case.
inaccuracies after about 30 e-folds or so. Therefore, we shall evaluate the three-point function in the n = 2 case for N s ∼ 30.
Amplitude and shape of the non-Gaussianity parameter
In this section, we shall introduce the dimensional non-Gaussianity parameter b NL which characterizes the amplitude and shape of the three-point function involving the helical magnetic field and the perturbations in the scalar field. We shall present the numerical results for b NL for the different cases we had discussed. In order to illustrate the accuracy of our numerical methods, we shall also compare our numerical results with the analytical results that are available in the non-helical case.
The amplitude of the non-Gaussianity in the local model for the scalar three-point function is usually parameterized in terms of a parameter f NL which, in this model, coincides with the bispectrum scaled by products of the power spectra. Here, we generalize that analogously to a non-Gaussianity parameter b NL which we define through the following relation:
whereB i q is the Fourier mode of the actual magnetic field andB
i q indicates the Fourier mode of its Gaussian part, while, as usual,δφ q−p refers to Fourier mode of the perturbation in the scalar field which has already been assumed to be Gaussian. Upon using Wick's theorem to calculate the three-point function of our interest, we find that we can express the parameter b NL as
In this expression, P B (k) denotes the power spectrum of the magnetic field that we have discussed earlier, while P δφ (k) denotes the power spectrum of the perturbations in the scalar field that is defined as
with the right hand side to be evaluated as η e → 0.
In Fig. 4 , we have plotted the numerical results for the non-Gaussianity parameter b NL (for an arbitrary triangular configuration of wavenumbers, in this context, see Ref. [66] ) for the cases of n = 1 and n = 2 when γ = 0 and γ = 2. We have also plotted the analytical results available for n = 1 and n = 2 in the non-helical case, to illustrate the extent of accuracy of our numerical methods. On comparing the results in the non-helical case for n = 1 and n = 2, we find that the analytical and numerical results match up to about 5-10%. Recall that we have been working with γ = 2. Even for such a relatively small value of γ, we find that the introduction of helicity considerably amplifies non-Gaussianities.
Summary
The generation and evolution of primordial magnetic fields has been studied extensively in the context of inflation. By introducing a non-minimal coupling term in the standard electromagnetic action, it has been possible to obtain scale invariant magnetic fields of the requisite Figure 4. The non-Gaussianity parameter b NL has been plotted for the non-helical case obtained numerically (top row), analytically (middle row), and the helical case arrived at numerically (third row of plots) for the cases of n = 1 (on the left) and n = 2 (on the right). For reasons we have discussed, in the n = 2 case, we have evaluated the non-Gaussianity parameter corresponding to N s ∼ 30. From the first and second rows, we find that the analytical and numerical results match up to 5-10%. It is evident from the third row of plots that the helical term substantially boosts the value of b NL for both the n = 1 and n = 2 cases, with the amplification being larger for n = 2.
amplitude to be in conformity with observations. It has also been realized that adding a parity violating term to the electromagnetic action results in the production of helical magnetic fields, which can have significant observational imprints [29, [42] [43] [44] . Specifically, helicity considerably boosts the amplitude of the power spectrum of the magnetic field. The non-Gaussian signatures generated via cross-correlations between the primordial magnetic fields and the perturbations in a scalar field can provide additional constraints to characterize the magnetic fields. These non-Gaussianities, at the level of three-point functions, have been examined earlier in the non-helical case [48] [49] [50] [51] . In this work, we numerically evaluate the three-point functions involving primordial helical magnetic fields and the perturbations in a scalar field. Since the introduction of the helical term in the action amplifies the strength of the magnetic field, it can also be expected to lead to larger non-Gaussianities. We find that even with a small value of the parameter quantifying the extent of helicity, there is a substantial enhancement in the non-Gaussianity parameter b NL . It would be interesting to explore related observational consequences, and possibly arrive at constraints on the mechanisms that could lead to the generation of the helical magnetic fields (in this context, see Ref. [67] ). Another important aspect would be to investigate into the behavior of the three-point functions involving the helical magnetic fields and the curvature perturbation [49, 51] . Importantly, in such a case, one may encounter additional terms arising in the action describing the interaction term. Also, while the magnitude of b NL in, say, slow roll inflation, may not differ substantially from the case we have examined, considering the curvature perturbation can provide us with additional parameters (viz. the slow roll parameters) to more effectively constrain the non-Gaussianities generated. We are presently working on these issues.
